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•^ ■ Abstract 

r^—i . We prove that the linear "heat" flow in a RCD(_ftT, oo) metric measure space (X, d, m) 

satisfies a contraction property with respect to every L p -Kantorovich-Rubinstcin- Wasser- 
stein distance, p €E [l,oo]. In particular, wc obtain a precise estimate for the optimal 
M^oo-coupling between two fundamental solutions in terms of the distance of the initial 
points. 

The result is a consequence of the equivalence between the RCD(A, oo) lower Ricci 
bound and the corresponding Bakry-Emery condition for the canonical Cheeger-Dirichlct 
form in (X, d, m). The crucial tool is the extension to the non-smooth metric measure set- 
_i_ . ting of the Bakry's argument, that allows to improve the commutation estimates between 

V^ ' the Markov semigroup and the Carre du Champ Y associated to the Dirichlet form. 

^^ . This extension is based on a new a priori estimate and a capacitary argument for 

tH- ' regular and tight Dirichlet forms that are of independent interest. 
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1 Introduction 

The investigation of the deep connections between lower Ricci curvature bounds (also in the 
broader sense of the Bakry-Emery curvature-dimension condition BE(ET, N) [TU]) and optimal 
transport in Riemannian geometry started with the pioneering papers [31[ I20|. Since then a 
big effort have been made to develop a synthetic theory of curvature-dimension bounds for a 
general metric-measure space (X, d,m) in absence of a smooth differential structure. 

Lott-Sturm-Villani CD(K, oo) spaces 

In the approach developed by Sturm [3U [35] and Lott-Villani [27J (see also [3S]), optimal 
transport provides a very useful and far-reaching point of view, in particular to obtain a sta- 
ble notion with respect to measured Gromov-Hausdorff (or Gromov-Prokhorov) convergence 
that includes all possibile Gromov-Hausdorff limits of Riemannian manifolds under uniform 
dimension and lower curvature bounds [16} \T7\ [T8] . 

According to Lott-Sturm-Villani, a complete and separable metric space (X, d) endowed 
with a Borel probability measure m £ &(X) (here we assume xn(X) = 1 for simplicity, see 
§ 14. 1 1 for a more general condition) satisfies the CD(i^, oo) curvature bound if the relative 
entropy functional Ent m : &(X) — >■ [0, oo] induced by m is displacement K-convex in the 
Wasserstein space &2{X). The latter is the space of Borel probability measures with finite 
quadratic moment endowed with the L 2 Kantorovich- Rubinstein- Wasserstein distance W<2, 
see §HZQ 

A question that naturally arises in this metric setting concerns the relationships between 
the optimal transport and the Bakry-Emery's approaches. Since the latter makes sense only 
in the framework of a Dirichlet form £ generating a linear Markov semigroup (Pt)t>o m 
L 2 (X, m) , one has first to understand how to construct a diffusion semigroup and an energy 
functional in a CD(K, oo) space. 

Since the CD(K, oo) condition involves the geodesic iC-convexity of the entropy functional 
in the Wasserstein space, it is quite natural to consider the metric gradient flow (Ht)t>o [2 
of Ent m in (&> 2 (X),W 2 ) (see [221 [3]). As showed initially by [2S] in R n and then extended 
to many different situations by J2TJ [361 El OB [23], it turns out [I] that (H t )t>o essentially 
coincides with the L 2 -gradient flow (Pt)t>o of the convex and lower semicontinuous Cheeger 
energy 

Ch(/) := inf {liminf \ [ |D/ n | 2 dm : f n G Lip 6 (X), f n ^f in L 2 (A,m)|, (1.1) 

where the metric slope |D/| of a Lipschitz function / : X — > R is defined by |D/|(a;) := 
limsupy^, \f(y) - f(x)\/d(x,y). 

(Pt)t>o thus defines a (possibly nonlinear) semigroup of contractions in L 2 (X, m) and, in 
fact, in any L p (X,m). Since it is also positivity preserving, it is a Markov semigroup if and 
only if it is linear, or, equivalently, if Ch is a quadratic form in L 2 (X, m), thus satisfying the 
parallelogram rule 

Ch(f + g) + Cb(f-g) = 2Cb(f) + 2Ch(g) for every f,g G D(Ch). (Q-Ch) 

RCD(K, oo)-metric measure spaces and the Bakry-Emery BE(K, oo) condition 



Spaces satisfying Lott-Sturm-Villani CD(i^, oo) conditions and ( Q-Ch[ ) have been introduced 



in [1] as metric measure spaces with Riemannian Ricci curvature bounded from below, 



HCT)(K, oo) spaces in short. This more restrictive class of spaces can also be characterised in 
terms of the Evolution variational inequality formulation of (H()t>o, see (|4.15p . that provides 
the W 2 contraction property 



W 2 (H t /z, H t v) < e- Kt W 2 (n, v) for every /x, v € & 2 {X). (1.2) 

The RCD(i<f, 00) condition is still stable with respect to measured Gromov-Hausdorff conver- 
gence [U El] and thus includes all possibile measured Gromov-Hausdorff limits of Riemannian 
manifolds under uniform lower curvature bounds. 

In RCD(i^, 00) spaces £ := 2Ch is a strongly local Dirichlet form admitting a Carre du 
champ r(/) that coincides with the squared minimal weak upper gradient |D/|^ associated 
to ([TT]> . see ([48]) and (|Pj> . In terms of the generator L : D(L) C L 2 (X,m) -> L 2 (X,m) of 
(Pt)t>o this provides useful the Leibnitz and composition rules 

2T(f, g) = L(fg) - fig - glf, !_($(/)) = $'(/)!_/ + $"(/)r(/) 

at least for a suitable class of functions in -D(L), see § 12.21 

Distance and energy are intimately correlated by the explicit formula (|l.ip (that involves 
the metric slope of Lipschitz functions) and by the somehow dual property that expresses d 
as the canonical distance [12] associated to £: 



every bounded function / E D(E) with r(/) < 1 has a continuous representative /, (1.3a) 
d(x,y):=snp{i;(x)-i;(y):^GD(E)nC b (X), F(f) < l}. (1.3b) 

Having a Carre du champ at disposal, it is then possibile to consider a weak version (see 
()3.ip ) of the Carre du champ Here 



2T 2 (f,g) := IT (/, g) - T (/, Lg) - T (g, L/) , (1.4) 

and to prove a weak BE(iC, 00) condition of the type 

r 2 (/)>jrr(/), where r(/):=r(/,/), r 2 (/):=r 2 (/,/), (1.5) 

in a suitable weaker integral form (Definition 13. ip . but still sufficient to get the crucial point- 
wise gradient bound 

r(P*/) < |DP t /| 2 < e~ 2Kt P t T(f) for every / G Lip 6 (X). (1.6) 

It turns out that the implication RCD(K, oo) ^> BE(i^, oo) can also be inverted and the 
two points of view are eventually equivalent. This has been shown by [5]: starting from a 
Polish topological space (X, r) endowed with a local Dirichlet form £ with the associated 
Carre du champ T and the intrinsic distance d satisfying (|1.3a[ b) and inducing the topology 
r, if BE(ET, oo) holds, then (X, d,m) is a RCD(isT, oo) metric measure space. 

Applications of BE(K, oo): refined gradient estimates and Wasserstein contraction 

The identification between RCD(i^, oo) and BE (if, oo) lead to the possibility to apply a large 
numbers of the results and techniques originally proved for smoother spaces satisfying the 
Bakry-Emery condition. Performing this project is not always simple, since proofs often 



use extra regularity or algebraic assumptions (see e.g. [HJ Page 24]) that prevent a direct 
application to the non smooth context. 

Among the most useful properties, Bakry [H] showed that the T 2 condition expressed 
through the pointwise bounds (jl.6p is potentially self-improving, since it leads to the stronger 
commutation inequality 



r(Pt/)J <e- 2aKt P t (T{f) a ) for every a G [1/2,2]. (1.7) 

(jl.7p is in fact a consequence of the crucial estimate 

r(r(/)) < 4(r 2 (/) - Kr(f))r(f), (1.8) 



a formula whose meaning can be better understood recalling that in a Riemannian manifold 
(M , g) endowed with the canonical Riemannian volume m = Vol g , we have 

r(/) = |D/g, r 2 (/)-xr(/)>|D 2 /|2, r(r(/)) = d|d/|* 2 <4|d 2 /I*|d/|2. (1.9) 



f)1.8|) can be derived by applying the r 2 inequality f)1.5|) to polynomials of two or more func- 
tions /1, / 2 , • • • . However the Bakry 's clever strategy of [71 [8] requires a multivariate differen- 
tial formula for the T 2 operator, that typically involves further smoothness assumptions. 

The aim of the present paper is twofold: from one side, we want to show how to obtain 
the estimate (|1.8|) in a very general setting, starting from the weak integral formulation of 
BE(K,oo). 

This result is independent of the theory of metric measure spaces, and it is obtained for 
general Dirichlet forms in Polish spaces satisfying standard regularity and tightness assump- 
tions. It relies on a simple estimate showing that T(/) G D(&) if / belongs to the space 
Boo, whose elements / are characterised by / G -D(l_) with r(/) G L°°(X,m), L/ G D(£). 
Tightness and regularity of £ are then sufficient to give a measure-theoretic sense to l_r(/), to 
r 2 (/) and to multivariate calculus for $ o / thanks to capacitary arguments. The main point 
here is that T2(/) may be singular with respect to m, but its singular part is nonnegative; 
moreover, the multiplication of the measure T 2 (/) with functions in -D(£) still makes sense 
since the latter admit a quasi continuous representative and polar sets are negligible w.r.t. 
the measure T 2 (/). 

The derivation of (|1.7p from (|2.17p follows then the ideas of [TTJ [37] , suitably adapted 
to the weak integral version of (jl.5p . 

Finally, the application of (|1.5p to contraction estimates for the heat flow (H^)t>o in 
Wasserstein spaces follows the Kuwada's duality approach [26], thanks to (|1.3a|) . (|1.3bp and 
the refined argument developed in [5]. We can then prove the optimal contraction estimate 
for every LP- Wasserstein distance 

W p (H t fi, H t i/) < e~ Kt W p (p, v) for every /i, v G ^(X), p G [1, oo], (1.10) 

and, when K > 0, for any transport cost depending on the distance d in an increasing way, 
see (|4.ip (sec [29] for a similar estimate in M n ). 



Plan of the paper 

We will recall in Section a few basic results concerning Dirichlet forms, Carre du champ, 
multivariate differential calculus and capacities. A simple but important estimate is proved 
in Lemma 12.61 

After a brief review of the weak formulation of the BE(i^, oo) condition, Section [3] contains 
the main properties for the measure theoretic interpretation of the Carre du champ Here Y2 
and the corresponding multivariate calculus rules. The main estimates are then proved in 
Theorem 13.41 and its Corollary 13.51 

Applications to RCD(i^, 00) spaces and to Wasserstein contraction of the heat flow are 
eventually discussed in the last section [U 
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2 Preliminaries 

2.1 Notation, Dirichlet forms and Carre du Champ 

Let (X, t) be a Polish topological space. We will denote by 38 {X) the collection of its Borel 
sets and by ^{X) the space of Borel signed measures with finite total variation, i.e. a- 
additive maps [i : 38(X) — > R. ^#(X) is endowed with the weak convergence with respect to 
the duality with the continuous and bounded functions of C&(X). ^ + {X) and 3P{X) will 
denote the convex subsets of nonnegative finite measures and of probabilities measures in X, 
respectively. 

We will consider a <7-finite Borel measure m £ iJ?+(X) with full support supp(m) = X 
and a strongly local, symmetric Dirichlet form £ : L 2 (X, m) — > [0, 00] with proper domain 
V := {/ E L 2 (X,m) : £(/) < 00} dense in L 2 (X,m). £ generates a mass preserving Markov 
semigroup (Pt)t>o i Q L 2 (X,m) with generator L and domain D(L) dense in V. 

We will still use the symbol £ to denote the associated bilinear form in V. V is an Hilbert 
space with the graph norm induced by £: 

ll/llv Hl/lrV.m) + £(/>/)• 

We will assume that £ admits a Carre du Champ T(-,-): it is a symmetric, bilinear and 
continuous map r : V x V — > L 1 (A, m), which is uniquely characterised in the algebra V D 
L°°(X,m) by 

2 / r(f,g)<pdm = E(f,g<p) + e.(g,f(p)-E(fg,<p) for every ip G V n L°° ( X, m) . 
Jx 

In the following we set 

V 0O :=VnL°%X',m) ) G^ := {/ G Voo : F(f) G L°°(A,m)}. (2.1) 



2.2 Leibnitz rule and multivariate calculus 

We recall now a few useful calculus rules. We will consider smooth functions <I>, V& : W 1 — > R 
with <£(0) = \T>(0) = 0, we set <3?j := di&, $ij := <%<]?, i,j = 1, • • • , n, and similarly for \P. 
We will denote by / := (/«)f =1 a n-uple of real measurable functions defined on X and by 
$(/) = <&(/i, • • • , f n ) the corresponding composed function. 

For a proof of the following properties, we refer to |14| Ch. I, §6]: notice that we do 
not assume any bounds on the derivatives of $ and ^f since they will be composed with 
(essentially) bounded functions. 

(L.l) Vqo and Goo are closed with respect to pointwise multiplication (see |14[ Ch. I, Cor. 3.3.2] 
and the next Leibnitz rule (I2.2D). 



(L.2) If / € V and <? G Goo then fg G V. 

(L.3) If f,g G Voo (or / G V and g G G^) and h G V then [H Ch. I, Cor. 6.1.3] 

T(fg,h)=fT(g,h) + gT(f,h), T(fg)=f 2 T(g) + g 2 T(f) + 2fgT{f,g). (2.2) 

(L.4) If (fi)f =1 G (Voo) n the functions $(/), *(/) belong to V^ and [H Ch. I, Cor. 6.1.3] 

r($(/),*(/)) =X;*i(/)* i (/)r(/ i ,/ i ). (2.3) 

(L.5) If /j G D(L) n Goo then $(/) G D(L) n Goo with [H Ch. I, Cor. 6.1.4] 

l (*(/)) = E **(/)•-/< + E *«(/)r(A, /i) • ( 2 - 4 ) 

(L.6) -D(L) (~l Gqo is closed with respect to pointwise multiplication: if fi G D(L) D Goo then 

L(/i / 2 ) = /i L/ 2 + / 2 LA + 2r(A, h) ■ (2-5) 

2.3 Quasi-regular Dirichlet forms, capacity and measures with finite en- 
ergy. 

We follow here the approach developed by Ma and Rockner, see |28t III. 2, III. 3, IV. 3] (covering 
the general case of a possibly non-symmetric Dirichlet form) and [191 1.3]. If F is a closed 
subset of X we set 

Y F := {/ G V : f(x) = for m-a.e. x G X \ f\. 



Definition 2.1 (Nests, polar sets, and quasi continuity [28], III.2.1], [19], 1.2.12]) 

An 8,-nest is an increasing sequence (-Ffc)fceN of closed subsets of X such that Ufe G N^F fe is dense 

inV. 

A set N C X is 8 -polar if there is an 8-nest (-Ffc)fceN such that N C X\UkenFk- If a property 

of points in X holds in a complement of an 8-polar set we say that it holds 8-quasi-everywhere 

(8-q.e.). 

A function f : X — > R is said to be £- quasi- continuous if there exists an 8,-nest (Fk)k£N such 

that every restriction f\ is continuous on F^. 



£-nests and £-polar sets can also be characterized in terms of capacities; we recall here a 
version that we will be useful later on. The capacity Cap (it corresponds to Cap^ 1 with 
h = 1 in the notation of [TI5]) of an open set A C X is defined by 

Cap(^4) := inf {||u||y : u > 1 m-a.e. in A}, 
and it can be extended to arbitrary sets B C X by 

Cap{B) :=inf (Cap(A) : B C A, A open}. 

Notice also that Cap(A) > m(^4). 

Theorem 2.2 ([19], 1.2.14]) Let us suppose that there exists a nondecreasing sequence (X n ) n€ ^ 
of open subsets of X such that 

Cap(X n ) < oo, X n C X n+ i, (X n ) nS N is an 8,-nest. (2-6) 

(i) A nondecreasing sequence of closed subsets Fj, C X is an £,-nest if and only if 
linifc^oo Cap(X n \ F k ) = for every n € N. 

(ii) N C X is an 8,-polar set if and only if Cap(iV) = 0. 

When m(X) < oo then Cap(X) = m(X) < oo, so that (I2.6P is always satisfied by choosing 
X n = X. In this case a function / : X — >• M is £-quasi-continuous if for every e > there 
exists a closed set C e C X such that /|„ is continuous and Cap(X \ C £ ) < e. 

Definition 2.3 (Quasi-regular Dirichlet forms) The Dirichlet form £, is quasi-regular if 

(QR.l) There exists an E-nest (Fk)k<=N consisting of compact sets. 

(QR.2) There exists a dense subset o/V whose elements have £ -quasi- continuous representa- 
tives. 

(QR.3) There exists an £.-polar set N C X and a countable collection of £ -quasi- continuous 
functions (/fc)fcgN C V separating the points of X \N. 

If £ is quasi-regular, then pjJl Remark 1.3.9(h)] 

every function / € V admits an £-quasi-continuous representative /, (2-7) 

/ is unique up to q.e. equality. Notice that 

if / G Voo with |/| < M m a.e. in X, then |/| < M q.e. (2.8) 

When m(X) < oo so that Cap(X) < oo, Theorem 12. 2\ i) shows that (QRH]> is equivalent to 
the tightness condition 

there exist compact sets K n C X, n > 1, such that lim Cap(X \ K n ) = 0. (2.9) 

n— >oo 



In the general case of a <7-finite measure m satisfying (J2.6J) , we have the following simple cri- 
terium of quasi-regularity, where (with a slight abuse of notation) we will denote by VnC(X) 
the subspace of V consisting of those functions which admits a continuous representative. 



Lemma 2.4 (A criterium for quasi-regularity) Let us assume that there exists a non- 
decreasing sequence (X n ) n ^fq of open subsets of X satisfying (12 .6p and let us suppose that 

(QR.l') For every n, m G N there exists a compact set K n ^ m C X such that C&p(X n \K ntm ) < 
1/m. 

(QR.2') Vn C(X) is dense in V and it separates the points of X. 

Then £ is quasi-regular. 

Proof. Let us set F k := Uj=i ^j,j- (Fk)keN is a nondecreasing sequence of compact sets and 
whenever k > n we get 

Cap(X n \ F k ) < Cap(X fc \ F k ) < Cap(X fc \ K k , k ) < 1/k, 

so that limfc-j.oo Cap(X n \ Fk) = 0. Applying Theorem I2.2f i) we obtain that (Fk)keN is an 
£-nest, so that (QRH} holds. 

(QR{2)> is a trivial consequence of (QR.2'}; (QRj3j> still follows by (QR.2') thanks to [331 
Ch. II, Prop. 4]. □ 

We introduce the convex set V + := {(p € V : <fi > m-a.e. in X}; V+ denotes the set of linear 
functionals £ G V such that (£, <j)) > for all cf) G V+; we also set V^ := V| - V|. 

By Lax-Milgram Lemma, for every £ G Yj_ there exists a unique «(£V representing £ in 
the sense that 

(£, <p) = / u^dm + E(u£, (p) for every ip G V. (2-10) 

u^ is 1-excessive according to |19l Def. 1.2.1, Lemma 1.2.4] (in particular ue is non negative). 
The proof of the next result can be found as a consequence of the so-called "transfer method" 
of [28j Ch. VI, Prop. 2.1] (see also p~U Ch. I, § 9.2] in the case of a finite measure m(X) < oo), 
applied to the representation of £ through the 1-excessive function U£ of (|2.10p . 

Proposition 2.5 Let us assume that £ is quasi-regular. Then for every l£V| there exists 
a (unique) a -finite and nonnegative Borel measure fi in X 
such that every 8,-polar set is ^-negligible and 

V/gV the Z-q.c. representative f eL 1 (X,/j,), (£,/)= ffdfi. (2.11) 

If moreover 

(f,^) < M for every <p G V+, ip < 1 m-a.e. in X, (2-12) 

then n is a finite measure and /J.(X) < M. 

We will identify £ with /i. Notice that if [X G W+ and < v < cfj,, then also vEVj since 

(pdu 

x 



< \<f\df<c \<p\ d/j, < c\\fi\\y \\ip\ 
'x Jx 



The next Lemma provides a simple but important application of the previous Proposition to 
the case of a function u with measure- valued Lit. We first recall a well known approximation 



procedure (see e.g. [32} Proof of Thru. 2.7]), that will turn to be useful in the sequel. For 
/ G L 2 (X,m) let us set 



e f := - / P r f n(r/e)dr = / P es fK(s)ds, e > 0, where 
£ Jo Jo 

/•oo 

K G C£°(0, oo) is a nonnegative kernel with / n{r) dr = 1. 



(2.13) 



^3 £ is positivity preserving and it is not difficult to check that for e > ?ft £ f G D(L) and for 
every / G LP(X, m), p G [1, oo], we have 

1 f°° 

L/ = — 2/ Pr/^'(r/e)drEi/(I,m). (2.14) 



Lemma 2.6 Lei us assume that the strongly local Dirichlet form £ is quasi-regular, according 
to Definition ®. 31 Lei u £ L l nL°°(X, m) 6e nonnegative and let g G L 1 (~iL 2 (X, m) suc/i i/iai 

/ nL^dm > — / 090 dm /or any nonnegative 99 G D(L) n L°°(X,m) with Lip € L°°(X,m). 
Jx ix 

(2.15) 

T/ien 

uGV, £(u) < / uffdm, / 5dm > 0, (2.16) 

Jx Jx 

and there exists a unique finite Borel measure \x := ^+ — gm with /i + > 0, fx+(X) < J^ gdm 
such that every £,-polar set is \fi\ -negligible, the q.c. representative of any function inV belongs 
to L 1 (X, \fi\), and 

—E(u,(p) = — / r(u,(^)dm= / ipdfi for every tp G V. (2-17) 

Jx Jx 

Proof. Let u e := *p e u, e > 0, and notice that by the regularisation properties of (^P £ ) e >o 
u £ G -D(L) with Lu £ G L 1 DL oc (X, m). It follows that for every 99 G L 2 n L°° (X, m) nonnegative 

/ Lu e ipdm= / uL^ £ y)dm > — / gty £ ip dm > — / g + *p £ ^dm, (2-18) 

Jx Jx Jx Jx 

which in particular yields Lu e + ty £ g > 0. Choosing 99 := u e in (|2.18p and inverting the sign 
of the inequality we obtain 

£(it e ) = - / lu e u e dm< / u e y} E gdm 
Jx Jx 

We can then pass to the limit as e J. obtaining f|2.16|) . 

Moreover, taking nonnegative functions <p,ij; G L? n L°°(X, m) with < 9?(x) < 1 and 
^(a;) > for m-a.e. x G X (such a function exists since m is a-finite) and setting (p n (x) := 
1 A ((f(x) + ntp(x)), (|2.18p applied to the differences ip n +i — ip n > (notice that 99 = 990)5 
yields that for every n > 

0< / (Lu e +qj e 0)99 dm < / (Lu e +qj e 5)99 n dm < / (Lu £ +<$ £ g)(p n+ i dm. 
ix ii ii 



Passing to the limit as n — > oo, since (p n \ 1 m-a.e. we obtain 

< / (Ln £ + <p e5 )p dm < I (lu £ + <$ £ g) dm = I ^ £ gdm = I g dm (2.19) 

jx jx ii ii 

since (P*)t>o is mass preserving and thus J x Lu £ dm = 0. Let us now denote by I the linear 
functional in V' 



(£,cp) :=-S.(u,ip)+ / gtpdm 
Jx 

Choosing a nonnegative 92 £ Vqo in (|2.18p and passing to the limit e I we easily find that 
£ G V|; if moreover <p < 1 then (|2"7nj]) yields 

(^,<p) =lim( - £(u £ ,ip) + / y £ gcp dm) < / 5dm. 
£|o V Jx > Jx 

Applying the previous Proposition 12.51 we conclude. D 

We denote by M^ the space of«S V^ such that there exist fi = fi + — fi_ with (j,± G V+ such 
that 

—£(«,(/?) = I tpdfji for every (/? G V, and we will write L*u = fi. (2.20) 

Jx 

For functions u with measure- valued L*u we can extend the calculus rule (12.51): 



Corollary 2.7 Under the same assumptions of Proposition [275\ for every u G M^ and f G 
-D(L) n Gqo we have fu G M^ with 

L*(/u) = /L*u + uL/m + 2r(u,/)m. (2.21) 

Proof. By (j2.8|) / belongs to L°°(X, |//|) where \jl = L*u and coincide with / up to a m- 
negligible set; we have for every £ G Vqo 

-£(/«, C) ^ - / (/r(«,C) +«r(/,C)) dm <P ~y (r(n,/c) +r(/,<) - 2cr(/,u)) dm 

/Cd(L*u)+ / (nL/ + 2(r(/,n))Cdm. 
Jx 



J27201 



By a standard approximation argument by truncation we extend the previous identity to 
arbitrary (£V (notice that / is essentially bounded and C, G L l (X, |/u|)). □ 

3 The Bakry-Emery condition and the measure-valued oper- 
ator Y^ 

3.1 The Bakry-Emery condition 

Let us assume that the Dirichlet form £ admits a Carre du champ V and let us introduce the 
multilinear form T 2 

T 2 [f,g; V ]:=^J (r(f,g)L<p-(T(f,Lg)+T(g,Lf))<p}dm (f,g,<p)eD(T 2 ), (3.1) 
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where D(T 2 ) := Dy(l) x Ify(L) x D L «,(L), and 

£> V (L) = {/ G D(L) : L/ G V}, D Loo (L) := {^ G D(L) n L°°(X,m) : L^ G L°°(X,m)}. 
When / = g we also set 

r 2 [/;^]:=r 2 [/,/;^] = ^(ir(/)L^-r(/ J L/)^)dm, 

so that 

r 2 provides a weak version (inspired by [TT] ) of the Bakry-Emery condition |1CH [H] . 

Definition 3.1 (Bakry-Emery condition) We say that the strongly local Dirichlet form 
£ satisfies the BE(K, oo) condition, K Gl, if it admits a Carre du Champ V and 

T 2 \f;<p] > K [ r(/) ^dm for every (f,<p) G D(T 2 ), ip > 0. (BE(K,oo)) 

Jx 



(BE(A', oo) ) is in fact equivalent [5j Corollary 2.3] to the properties 

r(Pt/) < e~ 2Kt P*r(/) m-a.e. in X, for every t > 0, / G V, (3.2) 

and 

2l2*(i)r(P t /) < P 4 / 2 - (P t /) 2 m-a.e. in X, for every t > 0, / G L 2 (X,m), (3.3) 

where I 2X (i) = J * e2/< * dt - 

3.2 An estimate for T(/) and multivariate calculus for T 2 

Let us introduce the space 

B 00 :={/GD(L)nG 00 :L/GV}. (3.4) 

The following Lemma provides a further crucial regularity property for r(/) when / G B^ 
and shows how to define a measure- valued T^if) operator. 



Lemma 3.2 Let £ be a strongly local and quasi-regular Dirichlet form. IfBE(K,oo) holds 
then for every f G B^ we have r(/) G M^ with 

£(r(/))<-y (2/^r(/) 2 + r(/)r(/,L/))dm (3.5) 

and 

^L*r(/) - T(/, L/)m > KT(f)m. (3.6) 

Moreover, B^ is an algebra (closed w.r.t. pointwise multiplication) and if f = (/«)™ =1 G (Boo) n 
i/ien $(/) G B^ /or every smooth function <3? : M n — >■ R u>i£ra $(0) = 0. 
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Proof. Let us first notice that for every / G G^ we have r(/) G L X (X, m) n L°°(A, m) C 
L P (X, m) for every p G [1, oo]. 



If / € Boo then \BE(K, oo)] and Lemma [221 with -5 := r(/, L/) + AT(/) and u := T(f) 
yield r(/) G V. ([33]) then follows from (|2H3fll . 

Since every function <^ G V+ can be (strongly) approximated by nonnegative functions 
in _Dx,°c(L) by means of the regularization operators (|2. 13[) . (|3.6p is a direct consequence of 



BE(if,oo)[ (I2~TTD . d22QD, 

We already observed in (LIB), g2J2 that if /1, / 2 € Poo than f 1 f 2 G D(L) D G^; ([23]) and 
(Lj2) also show that \-{f\f2) G V. A similar argument, based on (L3J, shows that $(/) € B^ 
whenever / G (Boo)™. □ 

For every / G D m we denote by r|(/) the finite Borel measure 

r$(/):=iL*r(/)-r(/,L/)m. (3.7) 

By Lemma 12.61 r|(/) has finite total variation, since 

r^(/) = ^r(/)m + /. + , with ^^o, ii+(x)<- J (r(/,L/)+iirr(/))dm. (3.8) 

The measure ^(u) vanishes on sets of capacity. We denote by 72(14) G L 1 (X, m) its density 
with respect to m: 

r$(/)=7 2 (/)m + r 2 L (/), r^(/)±m, 72 (/)>^r(/) m-a.e.inl, r£(/) > 0. (3.9) 

The main point is that T^-) can have a singular part r^ (•) w.r.t. m, but this is nonnegative 
and it does not affect many crucial inequalities. 
According to f|3.1|) we also set for /, g G B^ 



Tl(f,g):=^(f + g)-^(f-g) = ^(L*r(f,g)-r(f,Lg)m-r(g,Lf)m), (3.10) 
and similarly 

I2(f,g):=\i2(f + g)-\i2(f-g), r* 2 (f,g)= l2 (f,g)m + ri(f,g). (3.11) 

The next lemma extends to the present nonsmooth setting the multivariate calculus for T 2 of 

El El- 

Lemma 3.3 (The fundamental identity) Under the same assumptions of the previous 
Lemma\3M let f = (p)f =1 G B^ and let $ G C 3 (M n ) with $(0) = 0. Then $(/) G B^ and 



rj(*(/)) = J2^Cf)^Cf)nu\f j ) 



1 -j 



\ ( 3 - 12 ) 
+ (2j2Mm Jk (fMf Kf j j k ) + £ ^(/)^(/) r (/ i ) /0 r (/ fe >/ /1 ))^ 

i,j,k i,j,k,h 



where for f,g,h G 



H\f\(9,h) = l(r(g,r(f,h)) +T(h,T(f,g)) -T{f,T{g,h))). (3.13) 
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Similarly 

72(#(/))=E$i(/)^(/)72(r,/ i ) 

i,j (3.14) 

+ 2j2um J k(fnf i }(f j J k )+ E M/)<M/)r(/*,/>)r(/ fc ,/ ft ). 

j,j',fc i,j,k,h 



Proof. The fact that <£(/) € D^ has been proved in Lemma [ 

In the following we will assume that the indices i,j, h, k run from 1 to n and we will use 
Einstein summation convention. 

We set g* := T(f\f) G MU P := Lf G V, & := *,(/), fe := * y (/), <^- fe := $ yfc (/) 
in Dqo; we will also consider the quasi-continuous representative. 

By (|2.3j) and Lemma 13.21 we have 

r ($(/)) =9 i '4> i <i>jeM O0 

Since ^(/>j G Boo by (Lj6^ and g^ G M^ by Lemma 13.21 we can apply (|2.2ip obtaining 

^L*r($(/)) = i&&LV> + (^ y L(M-) + r(M-»^))w = J + (H + IIl)m. 

II ^ ^ (&L^- + 0,L0, + 2r(&, ^)) = </« (tMj + Tfa, 4>j 



= 9- 



where we used g IJ = g-' 4 



E3 , kh 



bfae + ^r^g 



in <P (fo^ + ^i)r(/ fc ,^') = ^*(r(/*,^') +r(/',< 7 i * 

where we used the identity <^ 4>jT(^f k ,g l: '^ = <j>i^>jk^(f 3 \d lk ) obtained by performing a cyclic 
permutation i — y k — »• j — >• i 
On the other hand 

r(*(/),L*(/)) *P^t(/*,l*(/)) , P^r(/*,^ + Jfcfc ^) 

= MkT(r,&) + 4>d k </>kj 9 ij + <k 9 kh 4>khj 9 ij + MkhTif, g kh ) 

= <^r(f , &) + 4>d k fat g ij + & g kh <t>khi g ij + 0#; fe r(f , tf k ) , 

where we changed k with j in the first term and h with j in the last one. We end up with 

r£ ($(/)) = ^A*j« - Mr(/^j)m 

+ <t>ik^jh9 ij 9 hh m 

+ M-fc(r(/*,^') + r(/W fe ) -r(/v*))m 

that gives ([37T2]) . D 

It could be useful to remember that in the smooth context of a Riemannian manifold (M n , g) 
as for (|1.9p we have [HJ Page 96] 

H[/]( 5 ,/ i ) = (D 2 /D 5 ,D/ J ) g . 
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3.3 A pointwise estimate for r(r(/)) 



Applying the previous results and adapting the ideas of [7] we can now state our first funda- 
mental estimates. 



Theorem 3.4 Let £ be a strongly local and quasi-regular Dirichlet form. If (BE(K, oo) ) holds 
then for every f,g,h £ B^ (so that r(/),r((7),r(/i) € Vooj we have (all the inequalities are 
to be intended m-a.e. in X) 

H[/]( 5 ,/i) 2 < { l2 (f)-KT{f))r{g)T{h), (3.15) 



r{T(f,g)) < yJ l2 {f)-KT{f) ^T{g) + yj l2 {g) - KT (g) yjr{f), (3.16) 

r(r(/)) < 4( 72 (/) - Kr(f))r{f). (3.17) 



Proof. Lemma 13.21 shows that T (/) £ Vqo . 

We choose the polynomial $ : M 3 — > R defined by 

*(/):=A/ 1 + (/ 2 -a)(/ 3 -&)-o&, A,a,kl; (3.18) 

keeping the same notation of Lemma 13.31 we have 

<&i(/) = A, <D 2 (/) = / 3 - &, (D 3 (/) = / 2 - a 
<M/) = <M/) = 1, <M/) = if(i,j)^{(2,3),(3,2)}. 

If / € Bqo Lemma [3 . 2 1 yields 3>(/) € B^ and we can then apply the inequality (|3.9j) obtaining 

7 2 ($(/))>i^r($(/)) m-a.e. in X, (3.19) 

where both sides of the inequality depend on A, a, b £ M. Evaluating 72( < 1 ) (/ )) by ()3.14j) . and 
choosing a countable dense set Q of the parameters (A, a, b) in M 3 , for m-almost every x £ X 
the previous inequality holds for every (A, a, 6) £ Q. Since the dependence of the left and 
right side of the inequality w.r.t. X,a,b is continuous, we conclude that for m-almost every 
x € X the inequality holds for every (A, a, b) € ]R 3 . Apart from a m-negligible set, for every 
x we can then choose a := f 2 (x), b = f 3 (x) so that & 2 (f)(x) = ^^(f)(x) = obtaining 

AW) + 4AH[/ 1 ](/ 2 , / 3 ) + 2 (r(/ 2 )r(/ 3 ) + r(/ 2 , / 3 ) 2 ) > KX'r(f). 

Since A is arbitrary and 

r(/ 2 )r(/ 3 )+r(/ 2 ,/ 3 ) 2 < 2 r(/ 2 )r(/ 3 ), 

we eventually obtain 

'W'KfJ'^Y < (7 2 (/ 1 )-^r(/ 1 ))r(/ 2 )r(/ 3 ) (3.20) 

that provides (J3.15J) . ()3.16|) then follows by first noticing that 

R[f](g,h) +R[g](f,h) =r(T(f,g),h), (3.21) 
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so that 

r(T(f,g),h) 



< 



72 (/) - KT(f)JT(g) + J l2 (g) " KT{g)JT{f) 



T(h). (3.22) 



We argue now by approximation, fixing f,g€ Ooo an d approximating an arbitrary h G Vqo 
with a sequence h n € B^ (e.g. by f)2. 13|) ) converging to h in energy with 

r(h n ) -> r(/»), r(/t„,r(/ )5 )) -> r(/t,r(/, 5 )) 

pointwise and in L 1 (X, m), thanks to (|3.2p (see also Remark 2.5 and (4.5) of [5]): (|3.22|) thus 
hold for arbitrary h £ Vqo and we can then choose h := r(/, g\ obtaining (|3.16p . (|3.17p then 
follows by choosing g := / in (|3.16p . □ 

Corollary 3.5 Under the same assumption of Theorem \3.J\ for every / € V and a € [1/2, 1] 
we have 

r(P ( /)°<e-"'p t (r(/) a ). (3.23) 



Proof. We adapt here the strategy of [37]. Since the case a = 1 has been already covered 
by (|3.2p . we can also assume 1/2 < a < 1. 

We consider the concave and smooth function %(r) := (e + r) — e a , e > 0, r > 0, and 
for a time £ > 0, a nonnegative £ € Vqo, and an arbitrary / G B^ we define the curves 

f T := P T f, C ■= PsC, u T : = T(/ r ), G E (s) := I %(«*_,) £ dm, r, s G [0,t]. (3.24) 

Notice that r/ £ is smooth and Lipschitz; a direct computation yields 

Ve{r) < r a , rrj' £ {r) > arj e , 2r)' £ (r) + 4rr)"(r) > 0. (3.25) 

Moreover, for every s € [0,t] ft- s € Boo so that u t ~ s € Vn L 1 n L°°(X,m), 

^U t _ s = -2r(/ t _ s ,L/t_ s ), ^Ve{ut-s) = -2r,' £ (ut- s )r (ft- s , L ft-s) in L 1 n L 2 (X,m). 
Differentiating with respect to s € (0, £) we get 

G'(s) = f (ve(ut- s ) \-Cs - 2 V£ (ut-s)r(fts, \-ft-s)(s) dm 

= - j r,' £ (ut-s)r{r(ft-s),(s)+2r(f t _ s ,Lft-s)v E (ut-s)(s) dm 

= - I (r(r(fts),vUut-s)(s) - r(r(ft- s ))v"(ut-s)(s + 2r(/ t _ s , L/ t _ s )r^ t _ s )£ s ) dm 

= 2 J nUut-s)(sdT*(ft-s) + JT(T(f t ^))^(u t ^)Csdm 

>2 r}' e (ut- s )Cs72(ft- s )dm + 4, / rj"(ut-s)(j2(ft-s) - Ku t - S )u t _ s ( s dm 
Jx Jx 

= / ^2^(u t _ s ) + Ari £ (ut-s)ut-s\ \l2Ut-s) ~ Ku t ^ s JCs dm + 2K ri' £ {ut-s)ut- s C,s dm 

r J37251 r 

>2K v ' £ (ut-s)ut-sCsdm > 2aK Ve(u t -s)(s dm = 2a KG E {s). 



x 



X 
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thanks to ([5T7JI . 

Since G is continuous, we obtain G e (0)e 2aKt < G £ (t) which yields, after passing to the 
limit as e \. 



2aKt 



[ T(P t f) a (dm< [ r(/) a P t Cdm= / P t {T(f) a ) (dm. (3.26) 

Jx Jx Jx 



Since §«, is dense in V we can extend (|3.26j) to arbitrary / € V and then obtain (|3.23[) . since 
( is arbitrary. □ 

4 RCD(i^, oc)-metric measure spaces 

In this section we will apply the previous result to prove new contraction properties w.r.t. trans- 
port costs (in particular W p Wasserstein distance) for the heat flow in RCD(i^, oo) metric 
measure spaces. 

4.1 Basic notions 

Metric measure spaces, transport and Wasserstein distances, entropy 

We will quickly recall a few basic facts concerning optimal transport of probability measures, 
also to fix notation; we refer to [36] for more details. 

Let (X, d) be a complete and separable metric space endowed with a Borel measure m 
satisfying 

supp(m) = X, m(B r (x)) < Ci exp(c 2 r 2 ) for every r > 0, (m-exp) 

for some constants Ci,C2 > and a point x G X. 

Recall that for every Borel probability measure fj, G &(Y) in a separable metric space 
Y and every Borel map r : Y — > X, the push-forward r^ G &(X) is defined by r^(B) = 
fi(r~ 1 (B)) for every B G £%{X). If m G ^(X), i = 1,2, we denote by II(/xi,/i 2 ) the collection 
of all couplings /i between \i\ and /i 2 , i-e. measures in £P{X x X) whose marginals 7Tu/x coincide 
with ^ (here 7r*(xi, x 2 ) = Xj). Given a nondecreasing continuous function h : [0, oo) — > [0, oo), 
we consider the transport cost 

6/1(^1,^2) :=min I / h(d(x,y))dfj,(x,y) : fj, G U(fii, jU 2 ) [, (4.1) 

1 JXxX J 

where we implicitly assume that the minimum is +00 if couplings with finite cost do not exist. 
In the particular case h(r) := r p we set 

W p ( Pl ,fi 2 ):=(e h (pi,^)) 1/P , h(r):=rP, (4.2) 

and we also set 

Wooifli, n 2 ) =min{||d|| L oo (XxXAt) : /x G EujUi,/^)} = ljm W p (^i,fi 2 )- (4.3) 

Denoting by & p (X) the space of Borel probability measures with finite p-th. moment, i.e. 

\i G & P (X) •<=> / d p (x,x) dfi(x) < 00 for some (and thus any) x G X, (4.4) 

Jx 
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p(X),W p ) is a complete and separable metric space. 

The relative entropy of a measure /U G & I 2(X) is defined as 

Ent m(M ):=(^ l0g/5dm if ^ = ^«™' (4 .5) 

I +co otherwise. 

The entropy functional is well defined and lower semicontinuous w.r.t. Wi convergence (see 
e.g. [3 §7.1] 

The Cheeger energy and its L 2 -gradient flow 

We first recall that the metric slope of a Lipschitz function / : X — > R is defined by 

\t\*\( \ r \f(y)~ f( x )\ lA R x 

|D/|(x) :=hmsup — r . (4.6) 

y-*x 0{x,y) 

The Cheeger energy [151 [3] is obtained as the L 2 -lower semicontinuous envelope of the func- 
tional / (-»• \ f x |D/| 2 dm: 

Ch(/):=inf{liminfi / |D/ n | 2 dm : / n G Lip 6 (X), f n -> / in L 2 (X,m)\. (4.7) 

If Ch(/) < 00 it is possibile to show that the collection 

S(f) := [G e L 2 (X,m) : 3/ n G Lip 6 (X), /„ -> /, |D/ n | - G in L 2 (X,m)} 

admits a unique element of minimal norm, the minimal weak upper gradient \Df\ w , that it is 
also minimal with respect to the order structure [3 §4], i.e. 

|D/| W €5(/), |D/U<G m-a.e. for every G G S(f). (4.8) 

By |D/|u, we can also represent Ch(/) as 

Ch(/) = i / \Bf\ldm. (4.9) 

It turns out that Ch is a 2-homogeneous, l.s.c, convex functional in L 2 (X, m), whose proper 
domain D(Ch) := {/ G L 2 (X, m) : Ch(/) < 00} is a dense linear subspace of L 2 (X,m). 

Its L 2 -gradient flow is a continuous semigroup of contractions (h t ) t >o in L 2 (X, m), whose 
continuous trajectories ft = hj/, t > and / G L 2 (X, m), are locally Lipschitz curves in 
(0,oo) with values in L 2 (X, m) characterised by the differential inclusion 

^-f t + dCh(f t )3 a.e. in (0,oo). (4.10) 

dt 

4.2 RCD(if, oo)-spaces 

In order to state the main equivalent definitions of RCD(A', 00) spaces, let us first recall a list 
of relevant properties: 
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[Q-Ch]: The Cheeger energy is quadratic, i.e. 

Ch(f+g) + Ch(f-g)=2Ch(f) + 2Ch(g) for every f,g G D(Ch). (4.11) 

[CT>(K, oo)]: The entropy functional is displacement K-convex in & 2 (X) [34^ 127] . i.e. for 
every fi , \x\ G D(Ent m ) C S? 2 {X) and t G [0, 1] there exists \x t G & 2 {X) such that 

W 2 {/J.Q,Ht) = tW 2 (n ,fi 1 ), W 2 {p u pi) = (1 -t)W 2 (no,iu,i), 

K (4-12) 

EntmOfc) < (1 - t)Ent m (/i ) + *Ent m (yUi) - yi(l - t)W 2 ( M , Ml)- 

[Length]: (X, d) is a length space, i.e. for every xo, x\ G X and e > there exists an e- middle 
point x e £ X such that 

d(x ,x e ) < -d(x ,xi) +e, d(xi,x £ ) <-6(x ,x 1 ) + e. (4.13) 

[Cont]: Every bounded function / G -D(Ch) with |D/|„, < 1 admits a continuous representa- 
tive. 

[Wa-cont]: For every /o,/i G L 2 (X,m) with fym G & 2 (X) we have 

W 2 (h t / m,h t / 1 m)<e-^W 2 (/om,/im) t > 0. (4.14) 

[BE(.Rr, oo)]: Assuming that the Cheeger energy is quadratic, then the Dirichlet form £ : = 
2Ch satisfies the Bakry-Emery condition according to Definition 13.11 

[EVIr-]: For every p, G & 2 {X) there exists a curve (fM)t>0 C. D(Ent m ) such that lim^o IM, = fi 
and 

-fo-\ W ^ v ) + ^ W 2^t, v) < Ent m (z/) - Ent m (/i t ) t > 0. (4.15) 

Let us now recall the main equivalence results: 

Theorem 4.1 Let (X, d,m) be a complete, length, and separable metric measure space sat- 
isfying condition ( jm-expj ) and let Kel, The following set of conditions for (X, d,m) are 
equivalent: 

(I) [Q-Ch] and [CD (if, oo)]; 

(II) [Q-Ch], [Cont], and [W 2 -cont]; 

(III) [Q-Ch], [Cont], and [BE(K, oo)]; 

(IV) [EVIk]. 

Moreover, if one of the above conditions hold then £ := 2Ch is a strongly local and quasi- 
regular (see Definition \2.3\) Dirichlet form, it admits the Carre du Champ 

T(/) = \Df\ 2 w for every f G D(Ch), (4.16) 

the subdifferential dC\\ is single-valued and coincides with the linear generator L, (ht)t>o = 
(Pt)t>o> and for every p, = /m G £¥> 2 (X) with f G L 2 (X, m) the curve fit = h(/tn is the unique 
solution of (|4.15p . Eventually, any essentially bounded function f G -D(Ch) with \Df\ w < L 
admits a L-Lipschitz representative f, and for every f G Lip b (X),g G C&(X) we have 

|D/U<|D/|; \Bf\ w <g =► |D/| < <?. (4.17) 

IS 



Proof. The implication (I)<^(IV) has been proved in [H Thm. 5.1] in the case when m € 
£p2(X) and extended to the general case by [I]. (IV) => (II), (III) has been proved in [H 
Thm. 6.2, Thm. 6.10] and the relations (II) O- (III) => (IV) have been proved in (SJ Thm. 3.17, 
Cor. 3.18, Cor. 4.18]. (jTOD follows from 01 Thm. 4.18]; see [3 Prop. 3.11] for (liTTjl . 

Let us eventually check that £ is quasi-regular, by applying Lemma [2.41 (QR.2') is always 
true for a Cheeger energy, since Lipschitz functions are dense in Y by (|4.7p . 

When m(X) < oo we can always choose X n := X and (QR.l') reduces to the tightness 
property (|2.9p . that has been proved in [3J Lemma 6.7], following an argument of \1S\ Propo- 
sition IV. 4. 2]. In the general case we can adapt the same argument: we recall here the various 
steps for the easy of the reader. 

Let us fix a point x € X and let us set X n := B n (x). In order to prove that (X n ) ng pj is 
an £-nest, we introduce the 1-Lipschitz cut-off functions ip n : X — > [0, 1] 

i/j n (x) := 0\/(n — d(x,x))Al, so that ip n (x) = < ~ n ' ip n (x) "[ 1 as n ^ oo. 

[0 i(xeX\X n , 

For every / € V we can consider the approximations f n := ip n f in Yg ■ The Lebesgue's 
Dominated Convergence Theorem shows that f n —* f strongly in L 2 (X, m) as n — > oo. The 
Leibnitz rule yields 

|D(/ - f n )\ w < (|D/U + |/|)Xx\B„_ l(S ) 

so that limn-^oo £(/ — f n ) = as well. This shows that f n —>f strongly in V and (X n ) m£ ^ 
is an £-nest. 

In order to prove (QR.l'), we fix n € N, we consider a dense sequence (xj)j^^ in X n+ i, 
and we define the functions w^ : X — > [0, 1] 

Wh(x) := ib n +i{x) A min d(x,Xj) x € X. 
i<j<k J 

It is easy to check that Wk are 1-Lipschitz and pointwise nonincreasing, they satisfy < Wk < 
ipn+i < 1 and the pointwise limit Wk i as k — > oo, so that wu — >• w strongly in L 2 (X, m) since 
supp(wfc) C X n+ \ and m(X n+ i) < oo. The finiteness of m.{X n+ \) also yields that (wk)keN is 
bounded in V, so that w^ — *■ weakly in V as fe — >• oo. 

The Banach-Saks theorem ensures the existence of an increasing subsequence (k^jheK 
such that the Cesaro means Vh '■= r X2i=i w ^ converge to strongly in V. This implies 
[191 Thm. 1.3.3] that a subsequence (v h n\) of (f^) converges to quasi-uniformly, i.e. for all 
integers m > 1 there exists a closed set G m C X such that Cap(X n+ i \ G m ) < l/m and 
u h(i) ->■ uniformly on G m . As w^ < u h(i ), if we set F m = Uj< m Gj, we have that w kh{l) ->• 
as Z — >• oo uniformly on F m for all m and Cap(X n+ i \ F m ) < l/m. 

Therefore, for every 5 > we can find an integer p € N such that w; p < 5 on .F m ; since 
ip n +l(x) = 1 when re £ X n , the definition of w p implies 

p 
VxeI n nF m 3jeN, j<p: d(x,Xj) <6, i.e. Z n n F m c (J S(xi,<J). 

i=i 

Since J is arbitrary this proves that K n ^ m := X n DF m is totally bounded, hence compact and 
Cap(X n \ K n , m ) < Cap(X n+1 \ F m ) < l/m. D 
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Definition 4.2 We say that (X, d,m) is RCD (K, oo) -metric measure space if it is complete, 
separable and length, m satisfies ( jm-expp , and at least one of the (equivalent) properties (I)- 
(IV) /io/ds. 

By Corollary 13,51 we thus obtain: 

Corollary 4.3 If (X, d,m) is a RCD(iT, oo) metric measure space, then for every t > 0, 
/3e [1,2] and f eYoc 

\DP t ff < e-/""P t (|D/|&). (4.18) 

We call H t /2 the unique solution to (|4. 15[) : by [3 Prop. 3.2] (H)t>o can be extended in a unique 
way to a semigroup of weakly continuous operators in &(X) satisfying 

liinHt/i = /i in ^(X), W 2 {H m , H m ) < <r Kt W 2 {no, in) for every Mo ,^i G ^(X). (4.19) 

In particular we can consider the fundamental solutions 

Qt,x ■■= Ht5 x € 9> 2 {X). (4.20) 



4.3 New contraction properties for the heat flow (H 



t)t>o 



Let us fix a parameter K € R and for every nondecreasing cost function h : [0, oo) — > [0, oo) 
let us consider the perturbed cost functions 

h Kt (r):=h(e Kt r), (4.21) 

and the associated transportation costs 6^, Ch Kt - 

Theorem 4.4 Let (X, d,m) be a RCD(i^, oo) metric measure space. Then 
i) For every x,y € X the fundamental solutions g tx , g ty defined by ()4.20p satisfy 

^oc(a^^)<e" m d(x,y). (4.22) 

ii) For every //, v £ &*(X) 

e hKt (H t ii,H t v)<e h (»,v). (4.23) 

iii) For every fx,u € &(X) and every pG [1, oo] 

W p (H tM , H t i/) < e-^WpGu, i/). (4.24) 

Proof, i) follows from f|4. 18|) by the Kuwada's duality argument [26l Prop. 3.7] as developed 
by [SJ Lemma 3.4, Theorem 3.5]. 

ii) Let |U, f with C/ l (/i,z>) < oo and let -y £ II(^, z/) be an optimal plan for C/j. We 
may use a measurable selection theorem (see for instance [13|. Theorem 6.9.2] to select in a 
7-measurable way optimal plans -y x y for W^ between g t ^ x and Qt tV - Then, we define 



JXxX 
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Notice that a € r(Hj^, H t z/) since e.g. for every (p G Cb(X) we have 

/ (p(x)dcr(x,y) = / / <p(x) dj U)V (x,y) d-y(u,v) = / / cp(x) dgt, u (x) dy(u,v) 
Jxxx Jxxx Jxxx JxxxJx 



(p(x) dQ t ,u(x) dfi(u) = / (p(x)dHtn(x), 
X JX Jx 

and a similar computation holds integrating functions depending only on y. Therefore, since 
<lP5|t yields 

d(x,y) < e~ Kt d(u,v) for j uv -&.e. (x,y) € X x X, (4.25) 

ChKt( H *Mj H t^) < / ^t(d(x,y))dcr(x,y) 

= / / /i(e Ki d(x,y))d7 u ,„(x,y)d7(ti,t;) 

JXxX JXxX 

< / /i(d(it,u)) d7 nil ,(x,y)d7(n, u) = / /i(d(n, u)) d.7(u,u) 

JXxXJXxX JXxX 

= e h (n,u). 

iii) follows immediately by (|4.23|) by choosing h(r) := r p so that h,Kt( r ) = e pKt r v . D 

References 

[1] L. Ambrosio, N. Gigli, A. Mondino, and T. Rajala, Riemannian Ricci curva- 
ture lower bounds in metric measure spaces with a -finite measure, Arxiv preprint, arXiv 
1207.4924, (2012). To appear in Transactions of the AMS. 

[2] L. Ambrosio, N. Gigli, and G. Savare, Gradient flows in metric spaces and in the 
space of probability measures, Lectures in Mathematics ETH Zurich, Birkhauser Verlag, 
Basel, second ed., 2008. 

[3] , Calculus and heat flow in metric measure spaces and applications to spaces with 

Ricci bounds from below, Arxiv preprint, arXiv:1106.2090, (2011), pp. 1-74. To appear 
on Invent. Math. 

[4] , Metric measure spaces with Riemannian Ricci curvature bounded from below, Arxiv 

preprint, arXiv:1109.0222, (2011), pp. 1-60. 

[5] , Bakry- Emery curvature- dimension condition and Riemannian Ricci curvature 

bounds, Arxiv preprint, arXiv 1209.5786, (2012), pp. 1—61. 

[6] L. Ambrosio, G. Savare, and L. Zambotti, Existence and stability for Fokker- Planck 
equations with log-concave reference measure., Probab. Theory Relat. Fields, 145 (2009), 
pp. 517-564. 

[7] D. Bakry, Transformations de Riesz pour les semi-groupes symetriques. II. Etude sous 
la condition T2 > 0, in Seminaire de probabilities, XIX, 1983/84, Springer, Berlin, 1985, 
pp. 145-174. 

21 



[8] D. Barry, L'hypercontractivite et son utilisation en theorie des semigroupes, in Lectures 
on probability theory (Saint-Flour, 1992), vol. 1581 of Lecture Notes in Math., Springer, 
Berlin, 1994, pp. 1-114. 

[9] , Functional inequalities for Markov semigroups, in Probability measures on groups: 

recent directions and trends, Tata Inst. Fund. Res., Mumbai, 2006, pp. 91-147. 

[10] D. Barry and M. Emery, Diffusions hypercontractives, in Seminaire de probabilites, 
XIX, 1983/84, vol. 1123, Springer, Berlin, 1985, pp. 177-206. 

[11] D. Barry and M. Ledoux, A logarithmic Sobolev form of the Li-Yau parabolic in- 
equality, Rev. Mat. Iberoamericana, 22 (2006), p. 683. 

[12] M. Biroli and U. Mosco, A Saint-Venant principle for Dirichlet forms on discontin- 
uous media, Ann. Mat. Pura Appl., 169 (1995), pp. 125-181. 

[13] V. I. Bogachev, Measure theory. Vol. I, II, Springer- Verlag, Berlin, 2007. 

[14] N. Bouleau and F. Hirsch, Dirichlet forms and analysis on Wiener sapces, vol. 14 of 
De Gruyter studies in Mathematics, De Gruyter, 1991. 

[15] J. Cheeger, Differentiability of Lipschitz functions on metric measure spaces, Geom. 
Funct. Anal., 9 (1999), pp. 428-517. 

[16] J. Cheeger and T. H. Colding, On the structure of spaces with Ricci curvature 
bounded below. I, J. Differential Geom., 46 (1997), pp. 406-480. 

[17] , On the structure of spaces with Ricci curvature bounded below. II, J. Differential 

Geom., 54 (2000), pp. 13-35. 

[18] , On the structure of spaces with Ricci curvature bounded below. Ill, J. Differential 

Geom., 54 (2000), pp. 37-74. 

[19] Z.-Q. Chen and M. Furushima, Symmetric Markov processes, time change, and 
boundary theory, vol. 35 of London Mathematical Society Monographs Series, Prince- 
ton University Press, Princeton, NJ, 2012. 

[20] D. Cordero-Erausquin, R. J. McCann, and M. Schmucrenschlager, A Rie- 
mannian interpolation inequality a la Borell, Brascamp and Lieb, Invent. Math., 146 
(2001), pp. 219-257. 

[21] M. Erbar, The heat equation on manifolds as a gradient flow in the Wasserstein space, 
Annales de PInstitut Henri Poincare - Probabilites et Statistiques, 46 (2010), pp. 1-23. 

[22] N. Gigli, On the heat flow on metric measure spaces: existence, uniqueness and stability, 
Calc. Var. Partial Differential Equations, 39 (2010), pp. 101-120. 

[23] N. Gigli, K. Kuwada, and S. Ohta, Heat flow on Alexandrov spaces, Comm. Pure 
Appl. Math., 66 (2013), p. 307331. 

[24] N. Gigli, A. Mondino, and G. Savare, A notion of pointed convergence of non- 
compact metric measure spaces and stability of ricci curvature bounds and heat flows, In 
preparation, (2013). 

22 



[25] R. Jordan, D. Kinderlehrer, and F. Otto, The variational formulation of the 
Fokker-Planck equation, SIAM J. Math. Anal., 29 (1998), pp. 1-17 (electronic). 

[26] K. Kuwada, Duality on gradient estimates and Wasserstein controls, Journal of Func- 
tional Analysis, 258 (2010), pp. 3758-3774. 

[27] J. Lott AND C. VlLLANl, Ricci curvature for metric-measure spaces via optimal trans- 
port, Ann. of Math. (2), 169 (2009), pp. 903-991. 

[28] Z.-M. Ma AND M. Rockner, Introduction to the Theory of (N on- symmetric) Dirichlet 
Forms, Springer, New York, 1992. 

[29] L. Natile, M. A. Peletier, and G. Savare, Contraction of general transporta- 
tion costs along solutions to Fokker-Planck equations with monotone drifts, Journal de 
Mathematiques Pures et Appliques, 95 (2011), pp. 18-35. 

[30] S.-I. Ohta and K.-T. Sturm, Heat flow on Finsler manifolds, Comm. Pure Appl. 
Math., 62 (2009), pp. 1386-1433. 

[31] F. Otto and C. Villani, Generalization of an inequality by Talagrand and links with 
the logarithmic Sobolev inequality, J. Funct. Anal., 173 (2000), pp. 361-400. 

[32] A. Pazy, Semigroups of linear operators and applications to partial differential equations, 
vol. 44 of Applied Mathematical Sciences, Springer- Verlag, New York, 1983. 

[33] L. Schwartz, Radon measures on arbitrary topological spaces and cylindrical measures, 
Published for the Tata Institute of Fundamental Research, Bombay by Oxford University 
Press, London, 1973. Tata Institute of Fundamental Research Studies in Mathematics, 
No. 6. 

[34] K.-T. Sturm, On the geometry of metric measure spaces. I, Acta Math., 196 (2006), 
pp. 65-131. 

[35] , On the geometry of metric measure spaces. II, Acta Math., 196 (2006), pp. 133-177. 

[36] C. Villani, Optimal transport. Old and new, vol. 338 of Grundlehren der Mathematis- 
chen Wissenschaften, Springer- Verlag, Berlin, 2009. 

[37] F.-Y. WANG, Equivalent semigroup properties for the curvature- dimension condition, 
Bull. Sci. Math., 135 (2011), pp. 803-815. 



23 



